UNIVERSAL INEQUALITIES FOR THE EIGENVALUES 
OF A POWER OF THE LAPLACE OPERATOR 



SAID ILIAS AND OLA MAKHOUL 



Abstract. In this paper, we obtain a new abstract formula re- 
lating eigenvalues of a self-adjoint operator to two families of sym- 
metric and skew-symmetric operators and their commutators. This 
formula generalizes earlier ones obtained by Harrell, Stubbe, Hook, 
Ashbaugh, Hermi, Levitin and Parnovski. We also show how one 
can use this abstract formulation both for giving different and sim- 
pler proofs for all the known results obtained for the eigenvalues of 
a power of the Laplace operator (i.e. the Dirichlet Laplacian, the 
clamped plate problem for the bilaplacian and more generally for 
the polyharmonic problem on a bounded Euclidean domain) and 
to obtain new ones. In a last paragraph, we derive new bounds for 
eigenvalues of any power of the Kohn Laplacian on the Heisenberg 
group. 



1. Introduction 

Let Qhe a. bounded domain of an n-dimensional Euclidean space 
and consider the following eigenvalue problem for the polyharmonic 
operator : 

-A)'^ = Am in ^l, 

du d'~^u ^ (1-1) 

= — = ■■■ = — — = on diZ, 

where A is the Laplace operator and v is the outward unit normal. 
It is known that this eigenvalue problem has a discrete spectrum, 

< Ai < A2 < ■ ■ ■ < Afc < . . . -f-oo 

In this paper we will be interested in "Universal" (i.e. not depending 
on the domain) inequalities for the eigenvalues of such a polyharmonic 
problem and especially we will show how to derive them from a general 
abstract algebraic formula in the spirit of the work of Harrell, Stubbe, 
Ashbaugh and Hermi. 

Let us begin by giving a short and non-exhaustive presentation of 
the known results in this field. 
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The first result concerns the Dirichlet Laplacian (i.e. when / = 1). 
In this case, Polya, Payne and Weinberger (henceforth PPW) proved 
in 1955 the following bound (see [SB] for dimension 2 and [23 for ciU 
dimensions), for k = 1,2,... 

4 X - 

Afc+i - Afe < — 2^ Ai, (1.2) 

i=l 

This result was improved in 1980 by Hile and Protter [2U] (henceforth 
HP) who showed that, for /c = 1, 2, . . . 



In 1991, H.C.Yang (see [29] and more recently [12]) proved 



n 

i=l i=l 



which is, until now, the best improvement of the PPW inequality. From 
inequality (11. 4p . we can infer a weaker form 



We shall refer to inequality (11. 4p as Yang's first inequality (or simply 
Yang inequality) and to inequality (ll.5p as Yang's second inequality. 
The comparison of all these inequalities (see [2]) can be summarized in 

Yang 1 =^ Yang 2 ^ HP ^ PPW 

When 1 = 2, the eigenvalue problem (11. ip for the bilaplacian is the 
clamped plate problem. In the same paper as before [26|, Polya, Payne 
and Weinberger proved the following analog of the formula (11.21) 

8(n + 2) ^^ 
Vi-Afc< l^Xi. (1.6) 

i=l 

And as was noticed by Ashbaugh (see [1] inequality (3.56)), there is a 
better inequality which was implicit in the PPW work, 

n + 2) /A -i" ' 



Vi-Afc<^^5^( 5^ A, 



1=1 



In 1984, Hile and Yeh [21] extended the approach used for the Laplacian 
in [20] and proved the sharpest bound 

21 ^ / k 

n k2 / .r-^ A 



< 



8(n + 2) - \j^Xk+i-\ 



i=l 
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Then in 1990, Hook [22], Chen and Qian [7] proved independently the 
following stronger inequality which was again implicit in the work of 
Hile and Yeh (see also PP, [S], [S] and 0) 



2 7.2 



n + 2) 



< 



i=l 



\1 



A 



fc+i 



A. 



i=l 



Using Chebyshev inequality, Ashbaugh (see [T] inequality (3.60)) de- 
duces from the preceding inequality f ll.Sp . the following HP version 
which is weaker and more esthetically appealing. 



n + 2 



< 



A,; 



fc+1 



A,; 



1.9) 



Recently, Cheng and Yang [TT] established the following Yang version 



k+l 



A,.) < 



i=l 



Sin + 2) 



k+l 



A.) 



(1.10) 



j=i 



For any /, the PPW inequality is given by 



Afc+i — Afe < 



4/(2/ + n - 2) 



k \ / k \ 

i=i / ^ j=i / 



Its HP improvement was proved independently by Hook [22] and Chen 
and Qian [7], it reads 



n'^k^ 



< 



E 



A7 



■ , Afe+i — A, 
1=1 1=1 



:i.iii 



4/(2/ + n- 2) 

As in the case / = 2 (inequality (11.91) ). this reduces to the weaker form 

n^k _ A,- 



< 



4/(2/ + 72 -2) -fr^Afc+i-A/ 



E 



;i,i2) 



In 2007, Wu and Cao [2B] generalized the inequality (ll.lOp of Cheng 
and Yang to the polyharmonic problem and obtained 



^^(Afc+i — Aj) < 



:i.i3) 



1=1 



-(4/(n + 2/-2))^('V(Afc+i 



, £^1 \ 2 



E(^ 

i=l 



1 \ 2 



fc+1 



A.)^A/ 



This inequality is sharper than inequality f ll.lip (see [28]). 
Very recently, Cheng, Ichikawa and Mametsuka [10] derived the follow- 
ing Yang type inequality for the polyharmonic operator (i.e. such that 
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for / = 1, we have the Yang inequahty fll.4p ) 



J](Afc+i - A,)2 < 5^(Afc+i - A,)A,. (1.14) 

i=l i=l 

All the classical proofs of these inequalities are based on tricky and 
careful choices of trial functions. For a more comprehensive and general 
approach, it is important to see if all these inequalities can be deduced 
using purely algebraic arguments involving eigenvalues and eigenfunc- 
tions of an abstract self-adjoint operator acting on a Hilbert space. In 
the case of the Laplacian (i.e. / = 1), this was done by Harrell [HI [IT], 
Harrell and Michel p!B|[T3]. Harrell and Stubbe [12], and Ashbaugh and 
Hermi [1]. 

For the polyharmonic problem (i.e. general /), Hook [22] generalized 
the argument of Hile and Protter [20] in an abstract setting. Later, 
this abstract formulation of Hook was simplified and improved by Ash- 
baugh and Hermi [3]. In fact, they obtained the following inequality 
relating eigenvalues of a self-adjoint operator A, to two families of sym- 
metric operators B'^s, skew-symmetric operators T^s, p = 1, . . . ,n and 
their commutators (for a precise statement with detailed assumptions, 
see Theorem 2.2 of [3]), 

But this abstract inequality, as was observed by Ashbaugh and Hermi 
in the end of the third paragraph of their article [3], could not recover 
more than the HP version of the universal inequalities (i.e. inequalities 
f fTTT]) and dnSD). 

The main goal of the present paper is to prove the following abstract in- 
equality (with the same assumptions as those for the Ashbaugh-Hermi 
inequality (11. 15p ) which generalizes (ll.lSp and fills this gap 



(k n \ 2 

5^5^/(A,)([T„5,]w„«,)) (1.16) 
i=i p=i / 

< 4 ( E E simA. B,]u.^ B,uA ( E E ^^^^^^^ 

V i=i p=i / V i=i p=i 



g{Xi){Xk+i - Xi) 

where / and g are two functions satisfying some functional conditions 
(see Definition (12. ip ). The family of such couples of functions is large 
and particular choices for / and g give many of the known universal 
inequalities. For instance, in the case of the polyharmonic problem, 
if we take /(x) = g{x) = (A^+i — x)^, then we obtain the Yang type 
inequality fll.l4p proved by Cheng, Ichikawa and Mametsuka and when 
we take f{x) = {g{x)Y = {X^+i — x), we obtain the Wu-Cao inequality 
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On the other hand, we observe that by taking Tp = [A, Bp], we obtain 
the following new formula (see Corollary 12. ip . where only one family 
of symmetric operators Bp is needed 



i=l p=l 



< 



k n 

^9i>^i){[A Bp]ui, BpUi) 



k n 

EE 

i=l p= 



\A,Bp] UiW" 
(1.17) 



Using this last inequality, with particular choices of / and g as before, 
one can recover many of the known universal inequalities for eigenval- 
ues of Laplace or Schrodinger operators. 

In the last section of this paper, we show how one can use the inequal- 
ity fll.l6p to derive new universal bounds, of Yang type, for eigenvalues 
of the Kohn Laplacian on the Heisenberg group, with any order. These 
bounds are stronger than the earlier bounds obtained by Niu and Zhang 



m 



2. The abstract formulation 

Before stating the main result of this section, we introduce a special 
family of couples of functions which will play an important role in our 
formulation. 

Definition 2.1. Let A > 0. ^4 couple {f,g) of functions defined on 
]0, A[ belongs to provided that 

1. f and g are positive, 

2. / and g satisfy the following condition, 
for any x, y g]0, A[ such that x ^ y, 

' m-f{y) y ^ / (/(^))' ^ {fiy)T \ ( 9{x)-g{yh ^ ^ 
. x-y J \g{x){X-x) x-y )~ 

(2.1) 



A direct consequence of our definition is that g must be nonincreas- 
ing. 

If we multiply / and g of $5a by positive constants the resulting func- 
tions are also in 53a. In the case where / and g are differentiable, one 
can easily deduce from (12. ip the following necessary condition: 

V -2 
(ln/(x))' <^—-{\ng{x))'. 
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This last condition helps us to find many couples (/, g) satisfying the 
conditions 1) and 2) above. Among them, we mention | ^1, (A — / a > o|, 

(A - x), (A - xr) / /3 > i}, { ((A - xY, (A - xY) /0<6 

(A -x)°,(A -x)^) / a < 0, 1 < /3, anda^ < ^| _ 



<2 . 



and 

Let "H be a complex Hilbert space with scalar product (., .) and 
corresponding norm ||.||. For any two operators A and B, we denote 
by [A, B] their commutator, defined by [A, B] = AB — BA. 

Theorem 2.1. Let A : T> dl-i — )■ Ti be a self- adjoint operator defined 
on a dense domain V, which is semihounded below and has a discrete 
spectrum Ai < A2 < A3.... Let {Tp : V — > "Hjp^i be a collection of 
skew- symmetric operators, and {Bp : Tp(T>) — > 'H}p=i be a collection 
of symmetric operators, leaving V invariant. We denote by {ui}°^^ a 
basis of orthonormal eigenvectors of A, Ui corresponding to Aj. Let 
k>l and assume that Xk+i > A^. Then, for any {f,g) in '<s\f.^-^ 



(k n \ z 

J]J]/(A,)([rp,i?,K,«,)) (2.2) 
i=l p=l ^ 

^ i=l p=l ' ^ i=l p=l \ ' \ ^ ' 



i=\ p=l 

k n \ / k 11 /'c/A\\2 

|2 

Proof of Theorem \2.1[ For each i, we consider the vectors 0f, given by 



BpUi — af,M 



p , 



where a^- := {BpUi,Uj), p = I, ...,n. We have 

(0r,«.) = O, (2.3) 

for all j = l,...,k. Taking 0f as a trial vector in the Rayleigh-Ritz 
ratio, we obtain 



{Ml €) 



^^-1 < '-IW^- (2-4) 



t 1 Tl I 
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Since Bp is symmetric, for all p = 1, n, we have a^^ = aF^^. Moreover, 
using the orthogonahty conditions fl2.3l) . we obtain 

k 

i=i 

k k 

= {BpUi - y^^al-Uj,BpUi) = \\BpUif - '^a^^^BpUuUj) 
3=1 i=i 

k 

= ||S,«.ir-^|af/ (2.5) 
i=i 

and 

k 

{A<Pl<p^) = {ABpU,-J2^3<,^v<Pl) 



{ABpUi, 0f ) 



= {ABpUi, BpUi) - ^ a'^j{ABpUi, uj) 

k 

El 1 2 

Xj \a^j\ 

k 

= {[A,Bp]uuBpU,) + \,\\BpUif -Y,^iHj\^ ■ (2-6) 

j=i 

Hence, inequahty (12 ■4p reduces to 

k 

Xk+i\m\' < {[ABp]u„BpU,) + X,\\BpU,f -Y^^^Kl' ■ (2-7) 

i=i 

On the other hand, we observe that, for p = 1, ■ ■ ■ , n, 

k 

- 2{TpUi, 0f) = -2{TpUi, BpUi) + 2{TpUi, ^ af^-n^) 

i=i 

k 

= 2{ui, TpBpUi) + 2 ^ a^ij{TpUi, Uj) 

i=i 
fc 

= 2(M„rpSpM,) + 25];^4, (2.8) 

i=i 

where cf^- = {TpUi,Uj). 

Note that, since Tp is skew-symmetric, we have cf^ = — c^^ for 1 < p < n. 
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Therefore, using fl2.3p and taking the real part of both sides of fl2.8p . 
we obtain, for any constant > 0, 



2Re{TpBpUi, m^) + 2 ^ Re (^af^.^. 



-2Re{<PlTpU,) 



1 

< ai||0ff + — II -TpUi + y^cfljUj 



k 



(2.9) 



Multiplying (12. 9 p by /(Aj) and taking = ^ — ' ^, where 

/(Ai) 

a is a positive constant and i < /c, we infer from (12. 7p 



2/(A,) ( Re{TpBpU,, u,) + Y,Re {a%cl 

< «./(A.)ii0rf + -/(A.) (\\Tpu,r - j2 K.r ) 



2 



^(iM-Ei4r) 



A: 

p\\2 



a (Afc+1 - Ai)5f(Ai) 

< a5f(Ai)([y4, 5p]Mi,5pMi) + a5((Aj)Ai||5pMif - ag{\i)Y\j \a^j\^ - a5((Ai)Aj||0f || 

, 1 (/(A.)) 
a (Afc+i - \i)g{\i) 



>2 . fc 



(rp^^ir-EK/)- (2-10) 

V j=i ^ 
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2 ^ f{\)Re{T,B,u,, u,) + 2 f{X,)Re (^^.^ 

< a^5((Ai)([A,5jMi,5pMi) + a^Ai5((Ai)||5pMip 
i=i i=i 

k k 

- a XI A,^(A.)|af/ - A.^(A.)||0ff 

i,jr=l i=l 



k k 

= a'^g{\i){[A,Bp]ui,BpUi) + a ^ (A^ - Aj)5((Ai)|af^|^ 

i=l 'J=l 



Since af^- = a^^ and c^j = -c^^, we have 



2i?e 5^ fiX^KA = i?e( 5^(/(A.) - /(A,))^^) (2.12) 



Ki,j=l / jj=l 



Using that jcf^.p = |c^.|2^ we find 



a o(Ai)(Afc+i-A,)' 2« ^ [g{\,){\k+, - KV gi\,)i\k+i - \j) 

(2.13) 

Moreover, 



« ft 
a J] ^(A.)(A. - A,)|af/ = | ^ (^(A.) - ^(A,)) (A. - A,)|a: 



P |2 



(2.14) 
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Thus we infer from f imjl . d^rT^ . d^TT^ and (EH]) 

k k 

2Y,f{X,)Re{T,B,u.,u.) + (/(A.) - /(A,))i?e (^^ 



i=l *J=1 



|2 



^ a ^ ^(Ai)(Afc+i - Ai) 

k 

ifr (/M)' I W.))' (215) 

2a ,4^, [j(A,)(At+, - A,) ^ j(Aj)(Ai+, - Aj)J ' «' ' ^ ' ' 

But 

k ^ ^ , ^ ^ k ^ 

' ^ -.P |2 



E (/(A,)-/(A.))i?e <|E (^7(A,)-^(A.))(A.-A,)|a: 

, 1 f (/(^^■)-/(^-))^ A. -A, 
2a (A.-A,)2 ^?(A,)-^?(A.)I • 

(2.16) 

From the condition (12. ip satisfied by / and we infer 



P |2 



k k 

Y.[f{X,)-f{\))Re <f E (^7(A,)-^7(A.))(A.-A,)|ai 

, 1 V ( ifiW I (/(A.))^ \ I p 
^ 2a U(A.)(A.+i - A,) ^ ^^(A,)(A.+i - A,); ' ' 

(2.17) 

Hence, taking sum on p, from 1 to n, in (12.151) . we find 



k n 



i=l p=l 

k n k n / r-,. N\2 

(2.18) 

Since Bp is symmetric and Tp is skew-symmetric, we have for all p < n, 



2Re{TpBpUi,Ui) = {TpBpUi,Ui) + {TpBpUi,Ui) 



{TpBpUi, Ui) - {ui, BpTpUi) 
{[Tp,Bp]uuUi) 
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and inequality f l2.18p becomes 



2 

p"'t\\ 1 



k n 

Uj, Ui) 

i=l p=l 

k n k n (fiWY 

(2.19) 

or equivalent ly 

k n 
i=l p=l 

k n k n / r ( \ )^ ^ 

(2.20) 

To prove inequality (12. 2p . it suffices to show that 

k n 

J]^(7(Ai)([A,5p]M,,5pM,) >0. (2.21) 
1=1 p=i 

In fact, if this is the case, the discriminant of the quadratic polynomial 
(I2.20p must be nonpositive, i.e. 

k n 



■ i=l p=l ' 
. k n . . k n (f{Xi)) \ 



i=l p=l 



- Ai)^(Ai) 

(2.22) 



which yields the theorem. We note that if we replace Tp by — Tp, 
inequality fl2.20p holds. Thus we can deduce that it holds for all real a 
and not only a > proving that the coefficient of the quadratic term, 
i.e. Yl\=iYl^=i9{^i){[^iBp\Ui,BpUi), is nonnegative. If it is equal to 

zero, then XliLi X]p=i /('^«)([^p> -^p]""*' ^^^o equal to and the 
theorem trivially holds. □ 

Remark 2.1. •In the definition of '^x, the functions f and g 
can be defined only on a discrete set of eigenvalues. 
• One can formulate Theorem \2.1\ as in [19] for z G]Afc,Afc+i] (it 
suffices to replace, in the hypothesis and in the inequality, \k+i 
by z). 



12 
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• The result of Theorem \2.1\ can also he stated, as in [IS] or 
in the general situation where the spectrum of A is not purely 
discrete and its point spectrum is nonempty. 

• Taking f = g = 1 in Ii2.2\) . we obtain inequality U.15\) of Ash- 
baugh and Hermi. 

If the operators Tp are chosen such that Tp = [A, Bp], then [Tp, Bp] = 
[[A, Bp] ,Bp]. Applying Theorem 12.11 in this context and using the ob- 
vious identity {[A, Bp] ui, BpUi) = —^{[[A, Bp] , Bp] Ui, Ui), we obtain 

Corollary 2.1. Let A : T) d l-i — > H be a self-adjoint operator 
defined on a dense domain T), which is semibounded below and has a 
discrete spectrum Ai < A2 < A3.... Let {Bp : A(V) — )• 'H}p=i be a 
collection of symmetric operators, leaving T> invariant. We denote by 
{'^i\'iLi ^ basis of orthonormal eigenvectors of A, Ui corresponding to 
Aj. If for k > 1 we have Xk+i > \k, then for any {f,g) G '^k, 

k n -| 2 

J2Y.J^i\){[ABp]u„BpU,) 
'- 1=1 p=i 



< 



k 



i=l p=l 



r k 



/(Ai 



(2.23) 

Remark 2.2. • As for Theorem \2.1\ Corollary \2.1\ can be stated 
in the general case where the spectrum of A is not totally dis- 
crete. 

• For f{x) = g{x) = {Xk+i — xY , inequality h2.2^) becomes the 
abstract inequality which gives the Yang type inequalities for 
Laplacians and Schrddinger operators (see [13], [19] and 

m)- 

• For f{x) = g{x) = (Afc+i — x)", with a <2, we recover a Harrell 
and Stubbe inequality /^[T9]. [5]jj. 

• We can easily deduce from the inequality i[2.23\) new universal 
inequalities in many different geometric situations (Dirichlet 
Laplacian on domains of Submanifolds of Euclidean ( or sym- 
metric) spaces as in [13], Hodge de Rham Laplacian or the 
square of a Dirac operator, and more generally a Laplacian act- 
ing on sections of a Riemannian vector bundle on a submanifold 
of a Euclidean (or symmetric) space). 

3. Application to the polyharmonic operators 



In this section, using Theorem 12. H we will show how to derive uni- 
versal inequalities for the eigenvalues of a polyharmonic problem. For 
a power of the Laplacian and with a particular choice of / and g, one 
can derive inequality fll.l3p and inequality fll.l4p . 
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In fact, throughout this section we assume that A = Q'', such that Q 
is a symmetric self-adjoint operator given by 

n 

p=i 

where Tp are skew-symmetric operators for p = 1, ...,n, with [Q, Tp] = 
and [Tm, Bp] = 6mp- 

First we need to calculate the following expressions 

n 

J2{[ABp]ui,BpUi) (3.1) 
p=i 

and 

n 

^{TpUi,TpUi) = {Qui,Ui). (3.2) 
p=i 

For this purpose the following two results of Hook (see proposition 3 
in [22] and Theorem 1 in [23]) will be useful. 
The first one is 

Lemma 3.1. Under the circumstances stated above, we have 
[A,Bp] = [Q\Bp] = -2lQ'-% 

and 

n 

J2[Bp, [A Bp]] = 2/(2/ + n- 2)Q'-\ 

p=i 

And the second one is the following 

Theorem 3.1. Let V be a real or complex inner product space with 
inner product (., .). Let D be a linear submanifold of V and let Q : 
D — y V be a linear operator in V. Suppose I is a positive integer and 
u is a fixed vector such that for all < r < q < I , 

\{Q^u,u)\ = \{Q'^~^u,Q^u)\. 

Then, for all integers < r < q < I, when q is even, we have 

I (Q'n, n) I < I (g%, u)\'-/'>{u, uf-'-l"^. (3.3) 

This inequality is satisfied for q odd and < r < g < /, if in addition 
to the above, there is a family of operators {Tp}^^^ such that 

n 

p=i 

holds for all < r < q < I . 



2 Uif 
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Applying Lemma 13.1^ we obtain 

n 1 

p=i p=i 

= l{2l + n - 2){Q^~^Ui,Ui). 
Therefore, if / is odd, then we have 

n 

^([A Bp]u,, BpUi) = l{2l + n - 2)||g^M,f 
p=i 

and if / is even, then 

n n 

Bp]u,, Bpu,) = l{2l + n-2)Y, II^pQ' 
p=i p=i 

The conditions of Theorem 13.11 are satisfied by our operator Q. So 
inequahty f l3.3p is vahd for all < r < g < / without parity condition 
on q. Applying this inequality fl3.3p with r = l — l and q = I, we obtain 

n 

Y,{[A Bp]ui, Bpu,) = l{2l + n- 2){Q''\i, u,) 
p=i 

< l{2l + n- 2){Q^Ui,Ui)^{u„Uiy~'-T- 

= l{2l + n- 2)\~^ (3.4) 
and with r = 1 and q = I, we obtain 

n 

J2\\TpUif = {Qui,Ui) < {Q'ui,Ui)T{ui,u,y-T < Xj. (3.5) 
p=i 

Since [Tp.Bp] = 1, one gets 

{[Tp,Bp]ui,Ui) = 1. (3.6) 

Then using inequalities (13. 4p . (13. 5p and (13. 6p together with inequality 
(12. 2p . we obtain 

r 1^ / ^ / ^ (f{K 

J] /(A.) <4/(2/ + n-2) 5^^(A,)A- 5^ ^ 

-«=!-' ^ i=l ^ ^ i=\ 

or equivalently 

^ 9 f ^ - \ ^ f ^ { /(A )) \ 

X:/,A.)<-v/I(27T^(g«(A.)A.-) 



g{\i){\k+i - \i 



(3.7) 



Now the operators A = (—A)', Q = —A, Bp = Xp, p = 1, . . . ,n, where 

r = ^ 

'P dx„ 



Euclidean coordinates, and Tp = jf- fit the setup of this 
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section. Thus, taking f{x) = (^g{x)^ = {Xk+i — x), we can obtain 
inequality f ll.lSp of Wu and Cao. 

Remark 3.1. For the special case 1 = 2 (i.e the clamped plate problem) 
and the same values of f and g as above, we obtain inequality U.10\} of 
Cheng and Yang. We observe that this inequality can also be obtained 
easily by a simple calculation from our inequality Ii2.2\) . In fact, taking 
A = A^, Bp = Xp, p = 1, . . . ,n and Tp = we first observe that 
[Tp, _Bp] = 1. Hence, we have 

n 

^{[Tp,Bp]ui,Ui)=n, (3.8) 



moreover 



Then 



p=i 



d 

[A,Bp]ui = [A'^,Xp]ui = i—Aui 



d 

[Bp, [A, Bp\]ui = 4[xp, 



Ui 



It follows that 

n 1 " 

'^{[A, Bp]ui, BpUi) = - ^{[Bp, [A,Bp]]ui,Ui) 
p=i p=i 

= 2(n + 2)(-An„n,) 

< 2(r2 + 2)(^||Aui|n|nif y (3.9) 

= 2{n + 2)xj. (3.10) 

Now 

n ^ 

^{TpUi^TpUi) = {-Aui,Ui) < \l, (3.11) 
p=i 

where we used the Cauchy-Schwarz inequality to derive Ii3.9\) and Ii3.11\) . 
Substituting i\3.10\) and h3.11\] into l[2^) and taking f{x) = 

(^g{x)j = {Xk+i — x), we obtain inequality U.10\) . 

On the other hand, if we take f{x) = g{x) = {\k+i — x)"^, in (13.71) . 
we get the following inequality obtained in [10] (see inequality (2.27) 



16 SAID ILIAS AND OLA MAKHOUL 

therein) 

r- k -1 2 

- 1=1 

< "^"Ir'H E(V. - A.)=A.-) ( t(A.« - A.)Aj). (3.12) 

Using the following variant of Chebyshev inequality (see Lemma 1 in 
[To]), one can deduce a generalized Yang inequality 

Lemma 3.2. Let Ai, Bi and Ci, i = 1, . . . , k, verify Ai > A2 > ■ ■ ■ > 
Ak > 0, < Bi < B2 < . . . < Bk and < Ci < C2 < . . . < Ck, 
respectively. Then, we have 

Aj Aj A^ /c 

i=l i=l i=l i=l 

In fact if we apply this Lemma to the right side of inequality f l3.12p . 

i-i 1 

with Ai = Afc+i — \i, Bi = X-' and Ci = A/ , we obtain, 

E( - A.)^ < ^^^^ + f ~ X^(A,+i - A,)A,. (3.13) 
i=i ^ i=i 

which, in the case where A = (—A)', Q = —A, Bp = Xp, p = 1, . . . , n 
and Tp = , gives us inequality (I1.14p of Cheng, Ichikawa and Mamet- 
suka (see inequality (1.11) in [TU]). 

Finally, we note that considering other choices of values for the couple 
(/, g) lead to many new inequalities. 



4. Applications to the Kohn Laplacian on the Heisenberg 

GROUP 

In this section, we consider the 2n + 1-dimensional Heisenberg group 
M.^, which is the space M^'^"''^ equipped with the non-commutative group 
law 

{x,y,t){x',y',t') = (^x + x' ,y + y' ,t + t' + ^{{x' ,y)Rr. - (x, y^n), 

where x, x', y, y' G M", t and t' G M. We denote by "H" its Lie 
algebra, it has a basis formed by the following vector fields T = ^, 
■^p ~ ~^^'§t ^^"^ ~ — "iiote that the only non-trivial 
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commutators are [1^, Xg] = T6pg. Let Aen denote the real Kohn- 
Laplacian in the Heisenberg group H". It is given by 



^.y + ^{W + \y\ )q^2 + 9t ^ V^'dx, "^"dy. 

We are concerned here with the following eigenvalue problem: 

-Ae")'^i = An in Q, 

du &-^u (4.1) 

= ^ = ••• = ^ = ondn, 

where f2 is a bounded domain in M^, with smooth boundary dQ, v is 
the unit outward normal to (9^2 and / > 1 is any positive integer. We 
denote by L = -Ah" and Ve^ = (-^i, • • • , -^n, ^i, • • • , ^n)- 
We let 

< Ai < As < . . . < Afc < . . . ^ +00 
denote the eigenvalues of problem (14. ip with corresponding eigenfunc- 
tions Ml, U2, ■ ■ ■ ,Uk, . . . in Sq'^{Q). Here S'''^(r2) is the Hilbert space 
of the functions u in L'^{Q) such that XpU, YpU, X^u, Y^u, . . . , Xp{u), 

Yp{u) G L'^{^), and S^"^ denotes the closure of C^{fl) with respect to 
the Sobolev norm 



I ^ II S''.2 



^ d=i p=i p=i ' 



We orthonormalize the eigenfunctions Ui so that; Vz, j > 1, 



{ui^Uj)i,2= I UiUjdxdydt = 6ij. 
Jn 

In all this paragraph, our results can be stated in a general form 
using functions / and g G Q'Afe+i as in the first part of this paper, but 
we limit ourselves to the case /(x) = g{x) = {Xk+i — x)"^. This gives 
us new bounds of the Yang type for eigenvalues of problem (14.11) which 
improve earlier ones obtained by Niu and Zhang [25] . 
We also note that we must treat the three following cases indepen- 
dently: the case when / = 1, the case when / = 2 and the case when 
I > 3. This is essentially due to the difference of the calculations in 
these three cases. 

4.1. The case when / = 1. In this subsection, we are concerned with 
the case where / = 1. The result we obtain is a result proved earlier 
by the first author. El Soufi and Harrell in [13] and for which we give 
here a different proof, more easily adapted to the other cases / = 2 and 
/ > 3. 
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Theorem 4.1. For any k > 1 



2 



(4.2) 



i=l 



i=l 



Proof. We will prove this theorem by applying inequality fl2.2p with 

A = L = — Aen, Bi = Xi,...,Bn = = yi,...,i?2n = Vn, 

Ti = Xi, . . . , T„ = X„, T„+i = Fi, . . . , T2„ = F„ and /(x) = ^((x) = 
(Afc+i - a;)^ namely, 



< 4 



p=l i=l 



^ J^(Afc+i - XiY(^{[Xp,Xp]ui,Ui)L2 + ([Fp,?/p]nj,ni)i2 

p=l i=l 
n k 

^^(A,+i-A.f(([L i)L2 + {[L,yp]ui,ypUi)L2 

n k 



p=i 1=1 



(4.3) 



By a straightforward calculation, we obtain [L, Xp]ui = —2XpUi and 

[L,yp]ui = -2YpUi. 

Hence 

{[L,Xp]ui,XpUi)L2 = -2 / XpUi.XpUi = 2 / Ui.Xp{xpUi) 

Jn Jn 

= 2 / + 2 / XpUi.XpUi 



and 



([L,?/p]ui,?/pUj)L2 = -2 / YpUi.ypUi = 2 I Ui.Yp{ypUi) 

Jn Jn 

= 2 + 2 ypUi.YpUi, 
Jn Jn 



then 



{[L,Xp]ui,XpUi)L2 = {[L,yp]ui,ypUi)L2 = 1. 
On the other hand, we have 

and 



n n „ 

p=i p=i -^^ 



Ui\ = \i. 



(4.4) 
(4.5) 

(4.6) 



Thus incorporating (!431), and fITO in fli^al) . we obtain (gS]). □ 
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Remark 4.1. Inequality ^4-2^ improves the following inequality proved 
by Niu and Zhang in [23] (see Remark 5.1 in [T3] j 

2 ^ 



i=l 



4.2. The case when Z = 2. In this subsection, we will derive the 
following 

Theorem 4.2. We have, for each k = 1,2, . . ., 



fc+i 



n 



^(A,+i - A,)AJ ^(A,+i - A,)'A| 

(4.7) 



i=l 



Proof. The key observation here is to apply Theorem 12.11 with A = 
L"^ = (-Ah")^, and as before Bi = xi, B2 = X2, ■ ■ ■ , Bn = Xn, -Bn+i = 
1/1, ■■ ■ , B2n = Vni Ti = Xi, ■ ■ ■ ,Tn = X„, T„+i = Yi, ■ ■ ■ , = Yri ^nd 
/(x) = g{x) = (Afc+i — xy. Thus we have 



n k 



< 4 



p=l i=l 



5^5^(A,+i-A,)^(([X, 

i)L2 + {[yp,yp]Ui,Ui)L^ 

p=l i=l 
n k 

^(Afc+i - Ai)^ (^([-^^^ Xp]ui, XpUi)L2 + ([L^ ?/p]Mi, ypUi)L2 

n k 

^5^(Afc+i-A.)(||X,«,||i. + ||F,u 



|2 



(4.8) 



but 



n n p 

p=i p=i "'^ 



Lui.Ui 



< 



Lui 



2\ 2 1 



(4.9) 



thus 



5^5^(A,.+i-A,)(||X,«,||i. + ||V,||i.) =E(^'^+i-^^)^'- (4-10) 

p=i j=i 



2=1 



Using f l4.5p . we get 

{[Xp,Xp]ui,Ui)L2 = {[Yp,yp]ui,Ui)L^ = 1. 



(4.11) 
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n k 



p=l i=l 

k -1 2 



(4.12) 



An' 



i=l 



On the other hand 

= -2XpLui - 2L{XpUi) (4.13) 



and the same identity holds with yp and Yp. 
We infer, using identities f l4.5p and f l4.13p 



{[L'^ , Xp]ui, XpUi) L2 = -2 / XpLui.XpUi-2 / L{XpUi).XpUi 

Jn Jn 



-2 / XpLui.XpUi — 2 / XpUi.XpLui + 4 / XpUi.XpUi 
Jn Jn Jn 

2 / Lui.Xp{xpUi) -2 XpXpUi.Lui - A X^Ui-Ui 
Jn Jn Jn 

--2 I Lui.Ui-A I XpUi.Ui. (4.14) 



Similarly, we have 



{[L'',yp]ui,ypUi)L^ = 2 



Lui.Ui-A I YpUi.Ui. (4.15) 
n Jn 



Since 



n „ n „ 71 n 

^ / Xlm.Ui-Y^ 1 Y^Ui.Ui = ^\\XpUi\\l2+^\\YpUi\\l2 
p=i -^^ p=i -^^ p=i p=i 



Lui-Ui, 
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we have 

• n k 

^^(Afe+i - \if[{[L'^,Xp]ui,XpUi)L2 + {[L'^,yp]ui,ypUi)L2) 

■ p=l 4 = 1 

k 



= 4(n + l)V(Afc+i- Ai)' I Lu 
i=i 

k 

<4(n + l)^(A 



■Ui 



1=1 

k 



2\ 2 



4(n + l)5^(Afc+i-A.fAj. 



(4.16) 



Incorporating f l4.10p . fl4.12p and fl4.16p in ( CHj) . we get the resuh. □ 

We can easily obtain from inequahty (14 .yp of Theorem 14.21 an in- 
equahty of Yang-type. 

Corollary 4.1. We have, for each k > 1, 



k+l 



A,;)^ < — — ^ — ^ ^^(Afc_|_i — Ai)Aj 



(4.17) 



i=l j=l 

Proof. Inequality (14. 7p is equivalent to 



y^(Afc+i-A^ 



1 2 



< 



4(n + 1) 



2_^(Afc+i-Aj)A,^ ^(Afe+i-Aj) A| 



i=l 



i=l 



Now applying Lemma 13.21 with Ai = Xk+i — Aj and Bi = Ci = Xf , we 
obtain inequality (I4.17p . □ 

Remark 4.2. Inequality ( [^. 7| j sharper than the following one found 
by Niu and Zhang [25] 

k 



Afc+1 — Afc < 



4(n + l) 



Proof. We infer from inequality (14. 7p and the Chebyshev inequality 



^ 4(n + 1) 
or equivalently 



^(Afe+i - \i) 

1=1 

-irk 

5^(A,+i-A,) 5^(A,+i-A,)2 5^A^ 



r fc 



i=l 



i=l 



i=l 



E(v.-A,)=<i^;i±il[E(A.«-A,)][EA^ 



i=l 



i=l 



i=l 
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(Afc+i - A,) ^l-^TT^ [ ^ 

1=1 



j=l 



< 0. (4.18) 



Hence, since Aj < A^, for all i < k, we can easily deduce the inequality 
of Niu and Zhang from fl4.18p . □ 

4.3. The case when Z > 3. We are now concerned with the problem 
(14. ip for any / > 3. The result depends on the parity of /. In fact, we 
prove the following 

Theorem 4.3. For any odd I > 3, we have 



V^(Afc+i — Aj)^ < — V^(Afc+i — Aj)A 



^(Afc+1 - Aj)' 



(2/(n + /- 1))aJ +ci(n,/)(A, + a. 



1-1 
I 



(4.19) 



and for any even I > 4, we have 
^(Afc+i - < - ^(Afc+i - Aj)A/ 



i=l 



i=l 



r 

^(Afc+i - A,)' {2ln + 4(/ - 1))X^ + C2{n, l)X^^ 

(4.20) 

where ci(n, /) and C2(n,/) are two constants depending on n and I. 
Proof. If we apply inequality (12.21) with A = V" = (— Ae^)', Bi = 

Xl, ■ ■ ■ , Bn = Xn, Bn+l = Uli ■ ■ ■ i B2n = Vn, Ti = Xi, . . . ,Tn = X„, T„+i = 

Yi, . . . , = Yn and f{x) = g{x) = {Xk+i — x)'^, then we obtain 

k n 



< 4 



i=l p=l 



i)L^ + {[yp,yp]Ui,Ui)L^ 

i=l p=l 

: n 

^5^(A,+i-A,)2(([L' + {[L\yp\Ui,ypUi)L2 

k n 

^^(Afc+i - Xi){\\XpUi\\l2 + WYpU 



X 



|2 



i=l p=l 

And as before, we have 



(4.21) 



{[Xp,Xp]uuUi)L2 = {[Yp,yp]ui,Ui)L2 = 1. 



(4.22) 
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On the other hand, to calculate ^^^^ ^||XpMj||^2 + ||^Wj||^2j, we need 

the following result obtained by Niu and Zhang (see Lemma 2.3 in [25] ) 
inspired by that of Chen and Qian [7] for the Laplacian: 

Lemma 4.1. For any d > 1, we have 

V^.n^pV < ( [ iVt^Ml'Y" (4.23) 



where 



La if d is even, 

Vh"L^~ if d is odd. 



And as a consequence (see Corollary 2.1 in [25]), we can easily obtain, 
for any d > 1 



VH"M^r < / iVenM^r • (4.24) 



Therefore we have 

n - 

^IIXpMill^a + lll^pMillia^ = j Lui-Ui ^ j L^^i-U^ = A/ . 

(4.25) 

Now we have to calculate 

^ ( {[L\ Xp]ui, XpUi)L2 + {[L\ yp]ui, ypUi)L2 j . 
p=i ^ 

For this purpose, we use the following lemma also obtained by Niu and 
Zhang in 



Lemma 4.2. For any positive integer d, 1 < d < I, we have 

d 

L {xpUj^ — XpL Ui — 2 ^ ^ L ^ JCpIJ^ Wj, 

9=1 

2 = 1, . . . , A;, j9 = 1, . . . , n. This is also true for yp and Yp. 
We infer, using Lemma [4. 2 [ 

[L , Xpjwj = L (xptij) — XpL Hi — — 2 ^ ^ L ^XpL^ Ui 

q=l 

Therefore 

{[L\ Xp]ui, XpUi) L2 = -2y2 / L^^'^XpL'^'^Ui.XpUi 
= -2 V /" XpU-^Ui.L 
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The same identities hold with Up and Yp. 
Hence we obtain 

( {[L\ Xp\ui, XpUi)L^ + {[L\ yp\ui, ypUi)L2 
p=i ^ 

= -2VVf / XpL'^-'u,.L'-''{xpU,)+ [ YpL'^-'u^.L'-'^iypuA. 
p=i g=i / 

(4.26) 

Applying Lemma [4.21 once again to fl4.26p . we obtain 



'^l{[L\xp]ui,XpUi)L2 + {[L^,yp\ui,ypUi)L2 
p=i ^ 

nip n 1 „ 

2^^ XpL'-%i.XpL'^-\, + / XpL'-'-^Ui.XpL'^-\i 

p=l q=l p=l q=l 

n 1—2 l—q—1 „ 

+ E / L'~'^"'XpL''-\^.XpL''-\i 

p=l n=l r=l 



p=l q 

n I „ n l—l 



I L L p ILL L p 

ypL'~'u,.YpL'^~\, + 4j2Yl / YpL^-i-'u,.YpL''-\, 

p=l q=l p=l q=l "'^ 

n l~2 l—q—1 „ 

+ L'~'-''YpL^-'u,.YpL''-\. (4.27) 

p=l 5=1 r=l 

As in the proof of Theorem 5.1 in [25] (see the calculation of the terms 
I2 and I2), we can easily obtain, for any odd I > 3, 

n , 

[ {[L\xp]ui,XpUi)L2 + {[L\yp]ui,ypUi)L2 
p=i ^ 

< (2/(n + /- l))A7^+ci(n,/)(^Ai + A7^^ (4.28) 
and for any even / > 4, 

,Xp]ui,XpUi)L2 + {[L\yp\ui,ypUi)L2 



n , 



< 



(2/n + 4(/-l))+C2(n,/) 



A, ' (4.29) 



where Ci(n, 3) = 4, 

ci(n,/) = 2y y \ y '-^l + y \ for any odd 

I ^ (2^-1)^ £^(2n-l)./ 



g=l r=l ^ s=l (2^^ -'-) " s=2 

s odd s even 



UNIVERSAL INEQUALITIES 

1-2 l-q-l f l~q-r 



25 



l—q—r 



TC 



l—q—r 



S odd S GVGTl 

Incorporating (K22^ . IK2^ and (^M> in IK21\f . we obtain f lCTj) . 
Similarly, to obtain (i2nD, we incorporate K22\i . iK2^ and K29\i 
in dMH). □ 

Remark 4.3. T/ie inequality is not homogeneous in the eigen- 

values Xi (i.e. it is not invariant under the change L — )■ aL, Aj — )■ a'Aj 
for a > 0). Therefore, using inequality ^.19^ for a^L\ we obtain that 
for any a > 0, 



fc+i 



X.? < - 



i=l 



1=1 



^(Afc+i — Aj^ 



1=1 



2l{n + I - l)xl + ci(n, /) (aXi + -A,' 

V a 



(4.30) 
for any odd I >3. 

Optimising with respect to a, we find the following improvement of the 
inequality 

k _ i r ^ 

^(Afc+i - A,)2 < - (2l{n + /-!) + ci(n, /)) ' ^^(Afc+i - A,)A/ 



1=1 



X:(A.+i - X^% 



^ 1=1 



(4.31) 



which is homogeneous on the eigenvalues Aj. 

As for the case when / = 2, we can deduce inequalities of Yang-type 
for / > 3. 

Corollary 4.2. We have, for any odd I > 3, 



^^(Afe+i — Aj 



(4.32) 



i=l 



< ^ 5Z(Afc+i - A,) (2/(n + / - 1)) A, + ci(n, /) (a,' + A,'") 

i=l L 



and for any even I > 4 

k 



i=l i=l 

where ci{n,l) and C2(n,/) are explicit constants depending only on n 
and I. 
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Proof. Applying Lemma 13.21 with Ai = Xk+i — Aj, Bi = 2l{n + I 

i-l 1-2 1 

l)Aj ' + Ci(n, /)(Aj + Aj ' ) and Cj = A/ , we obtain 



r k 



^(Afc+i - Ai)A/ < ^(Afc+i - A 



1=1 



+ci{n,l) 



(a. + A;") } < |;(A,.+i - AO 



^(Afc+i - Ai)A/ 



i=l 



^^(Afc+i — Aj)^ ^^(Afc+i — Aj 



i=l 



i=l 



i+i i-i 

2l{n + l-l)\i + ci{n,l)(Xi' + A, ' 

(4.34) 



Inequality fl4.32p can be deduced from fl4.19p and (14.34p . for any odd 
/ > 3. 

We proceed in the same way to obtain fl4.33p . i.e. applying Lemma 
Obut with Ai = Afe+i - A„ B, = (2ln + 4(/ - 1) + C2(n, /)) A~ and 



a = Aj. 



□ 



Remark 4.4. Inequalities ^4-19^ and ( [^ . 2(j^ are sharper than the fol- 
lowing inequalities, proved by Niu and Zhang (\25\). 



Afc+i — Afc < 



Ell a; 



if I > 3 is odd and 



{2l{n + l-l))J2^^' +ci(n,05^ (A, + A,' 

(4.35) 



1=1 



1=1 



Afc+i — Afe < 



EliAj 



n- 



{2ln + 4(/ - 1)) ^ A,'" + C2(n, /) ^ A,'" 



i=l 



i=l 



if I > A is even, 

Ci{n,l) and C2(n, /) are as in the proof of Theorem \4.3[ 



(4.36) 



Proof. By the Chebyshev inequality, we infer from (14.191) . for any odd 

/ > 3 



^^(Afe+i — Ai 



i=l 



2 ^ r k 

< 



n^k^ 



^^(Afe+i — Aj) ^^(Afc+i — Aj 



I- i=l 

k 



i=l 
k 



AJ 2/(n + / - 1) ^ A^" + ci(n, /) ( A, + A^" J 

i=l -I L i=l i=l ^ ^ 



UNIVERSAL INEQUALITIES 



27 



or equivalently 

k 

y^s^k+1 



i=l 



k -irk 



1=1 



I- i=l 



X 



2/(n + / - 1) 5^ A^" + ci(n,/) ^ ( A, + ) 

i=i ^ ^ 



Thus 

k 

y^(Afc+i~Ai 



i=l 



Afc+1 — Aj 



n 



^ i=i ' 



X 



2/(n + / - 1) ^ A,' + ci(n, /) ^ (a^ + A,' ' 



i=l 



i=l 



< 
(4.37) 



which imphes f l4.35p . since Aj < A^ for i < k. 

Similarly, we prove that inequality f l4.20p is sharper than fl4.36p . □ 
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